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ABSTRACT: The relaxation spectrum has been calculated for treelike networks of phantom Gaussian 
chains subject to Rouse-Zimm dynamics. Our paper is an extension of earlier work by Graessley (Macro- 
molecules 1980, 13, 372) by taking into account the bifunctional junctions dividing each chain between 
&functional junctions into n subchains of equal length, so that frictional interactions occur not only at 
multifunctional junctions but also at bifunctional ones. The relaxation spectrum and stress relaxation 
modulus have been calculated for varying number n of subchains. It has been found that bifunctional 
junctions considerably broaden the relaxation spectrum and give a more realistic description of the spec- 
trum at shorter times. 

Introduction 

The dynamics of polymer chains in solution has been 
a subject of many papers since the pioneering work by 

Rouse assumed that a linear chain may be mod- 
eled as a collection of beads connected by subchains act- 
ing as springs. Such beads are subject to the stochastic 
Brownian forces and to the springlike forces from sub- 
chains directly connected to them. The hydrodynamic 
forces neglected originally by Rouse were included later 
by Zimm2s3 for a better description of the chain dynam- 
ics. The theory has also been applied to ring, star, and 
comb-shaped  molecule^.^-^ The Rouse-Zimm model suc- 
cessfully predicts the low-frequency relaxation behavior 
of chain molecules in all these cases. 

A different kind of approach is the dynamic rotational 
isomeric state model?-l0 which takes into account details 
of the molecular structure of the chain and accounts for 
the high-frequency relaxation behavior of polymers. The 
relaxation spectrum of a polymer network with the topol- 
ogy of t he  symmetrically grown tree in the  low- 
frequency (hydrodynamic) limit has been studied by 
Chompff,' Doi,ll and most completely Graessley.12 A sim- 
ilar mathematical problem of the frequency spectrum for 
a system of mass points connected by springs with the 
topology of a Cayley tree was studied earlier by Rubin 
and Zwanzig.13 In all these theories the network has been 
modeled as a collection of beads representing @-func- 
tional junctions connected by phantomlike Gaussian chains 
acting as springs; i.e., the contribution of chains to the 
relaxation spectrum was neglected. This model applied 
to the treelike networks is not as successful as for small- 
chain molecules. The relaxation spectrum calculated for 
the treelike Gaussian networks by Graessley12 is too nar- 
row due to the simplified model of the structure of the 
network. Viscoelastic properties and distribution func- 
tions of perfect random networks have been studied by 
Martin and Eichinger14J5 by calculating the eigenvalue 
spectra of Kirchhoff matrice@ of random nets. The the- 
oretical calculations of the density of eigenvalues of reg- 
ular random graphs showI7 that the eigenvalue spec- 
trum for an infinite, random graph effectively coincides 
with the spectrum for a tree graph. The dynamic struc- 
ture factor for treelike networks has been studied by 

Ronca.I8 
In this paper we study the more realistic model of the 

network, taking into account the bifunctional junctions 
that divide chains joining $-functional junctions into n 
subchains. For simplicity, we assume that all subchains 
have the same contour length and all junctions have the 
same functionality. We assume also that the network 
has the topology of the symmetrically grown tree, there 
are no loops or dangling chains in the network, and periph- 
eral junctions are anchored to  the fixed junctions, which 
do not fluctuate. We use the phantom network model; 
i.e., chains can move freely through one another and entan- 
glement effects are not included. For simplicity, we assume 
that multifunctional and bifunctional junctions (beads) 
have the same frictional coefficient 5: 

Figure 1 shows an example of a micronetwork with n 
= 4 and @ = 4 consisting of two tiers. The first tier con- 
sists of the central chain and the second tier of 2(4 - 1) 
chains connected to the central chain. The third tier of 
the micronetwork would consist of 2(4 - 1)2 chains directly 
connected with chains belonging to the second tier. Gen- 
erally, the kth tier of the treelike network symmetrically 
grown around the central chain will consist of 2($ - 1P-l 
chains directly connected with 2($ - l)k-2 chains of the 
( k  - 1)th tier, and the kth-tiered micronetwork is built 
of all k tiers. It is assumed that peripheral junctions of 
the micronetwork are anchored to fixed junctions, which 
do not fluctuate. The micronetwork shown is symmet- 
rically grown around the central chain and differs from 
the micronetwork symmetrically grown around the cen- 
tral junction studied by Graessley.12 In the limit of infi- 
nite trees the difference between these networks van- 
ishes. In the present paper we use GraessleyW method 
of separating the desired relaxation spectrum contrib- 
uted by elements far removed from fixed points, because 
elements near fixed points give unrepresentative beha~i0r . l~ 
We derive the general formula for the relaxation spec- 
trum H ( T )  and the stress relaxation modulus G(t )  as a 
function of n - 1 bifunctional junctions (n  subchains) 
composing each chain. In the special case n = 1 we obtain 
Graessley's'z results, as expected. We show that the inclu- 
sion of the bifunctional junctions in the model of poly- 
mer network broadens significantly the relaxation spec- 
trum. 
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(4) 

i.e., rLi represents the functionality of the ith bead (junc- 
tion). 

The connectivity matrix r for a two-tiered micronet- 
work with n = 4 subchains between &functional junc- 
tions (4 = 4) shown on Figure 1 is written below. The 
pattern of labeling of junctions enables one to write the 
connectivity matrix in a simple symmetrical form and to 
generalize it easily for larger trees. 

ra = -Cr,, = -Cr 11 
I I 

x x  

x *  3 x x  
28 bi;r 

x $; x$x 
17 

X X 
Figure 1. A symmetrically grown treelike micronetwork with 
functionality @ = 4 and consisting of J = 2 tiers. Each chain 
comprises n = 4 subchains separated by n - 1 = 3 bifunctional 
junctions. The peripheral @-functional junctions are anchored 
to fixed junctions, which do not fluctuate. 

t-3i 
-2 0 2 4 6 

In (t) 
Figure 2. Relaxation spectra for trifunctional networks (@ = 
3) for different numbers n (n = 1-3) of subchains between @-func- 
tional junctions. For n = 1 we obtain Graessley's spectrum.12 
Dotted lines correspond to negative H(7) .  

Theory 

Let (R1, R2, ..., RN) = {R,l be the positions of beads 
(multifunctional and bifunctional junctions). The motion 
of each bead is determined by the force balance 

(1) Fdrsg + Faping + Fstoehastic = 

which may be written 

Here, f is the frictional coefficient, taken to be the same 
for each bead regardless of its functionality, K is the spring 
constant defined by 

K = 3kBT/ ( r'2)o (3) 

where ( r 2 ) o  is the mean square end-to-end distance for 
the unstretched subchain, kB the Boltzmann constant, T 
the temperature, r the connectivity matrix, and (f,l a 
set of random, stochastic forces acting on beads located 
a t  IRnl. 

The connectivity matrix r, known also as the Kirch- 
hoff matrix or valency-adjacency matrix16 in graph the- 
ory, represents the topological structure of the system in 
a concise algebraic form. If beads i and j are directly 
connected by a spring, then the ijth element of matrix r 
is rij = -1; otherwise it is zero. The diagonal elements 
of I' are equal to the sum of its nondiagonal elements in 
a given row (column) taken with the negative sign 

r =  

-, 2 -1 
-1 2 -t r -1 2 -1 

, 

1 

1 

1 

1 

I 1 1 

1 1 1 - 
? -1 

I 2 -1  
-1 2 -1 

- t  4 - -1 
-1  2 -1  

-1 4 

2 -1 
-1 2 -1  

-1 2 -1 

-1  4 

2 -1  

-1  2 -1 
-1 P -1 

-1  4 

2 -1 
-1 2 -, 

-1 2 -1 
-1 4 

2 -1 
-1 2 -1 

-1 2 - 
-1 1 

(5) 

The matrix r might be partitioned into two square sub- 
matrices along the diagonal of r belonging to tier 1 (the 
central one) and tier 2. The entries 4 along the diagonal 
correspond to the multifunctional (4 = 4) junctions, while 
the entries 2 refer to the bifunctional junctions along the 
chains. For simplicity, we assume that the peripheral 
junctions are +functional and each of them is anchored 
to 4 - 1 fixed junctions which do not fluctuate. Because 
of this assumption the submatrix corresponding to the 
last tier has the same structure as submatrices corre- 
sponding to inner tiers. 

We might easily generalize the connectivity matrix l? 
to the case of a J-tiered network consisting of $-func- 
tional junctions joined by n equal length subchains (i.e., 
separated by n - 1 bifunctional junctions). The dimen- 
sion of the matrix r is N X N ,  where 

(4 - 1 ) J -  1 
N = 2n - n + l  

4 - 2  
The matrix r might also be partitioned into square sub- 
matrices corresponding to subsequent tiers. The dimen- 
sion of the first submatrix corresponding to the central 
first tier is N 1  X N1 with 

N l = n + l  (7) 

N2 = 2n(4 - 1) (8) 
Generally, the dimension of the square submatrix corre- 
sponding to the j th  tier is Nj X Nj with 

(9) 
for 2 I j I J. In each of these submatrices we can iso- 
late along the diagonal the sub-submatrices A, of order 
n X n corresponding to a given +functional junction within 
a given tier. Each of these sub-submatrices has the form 

and that of the second submatrix is N2 X N2 with 

N j  = 2n(@ - 1)j-l 
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2 - A t 0  

(# - h)[(2 - A)'- 11 - (2 - A) 
(4 - X)(2 - A) - 1 (19) 

The continuation of this process finally leads to 

The eigenvalues Xi  (i = 1, 2, ..., N) of the connectivity- 
matrix I' are solutions of the characteristic (secular) equa- 
tion 

(11) 

Each eigenvalue X i  is associated with the relaxation time 

det (I' - XIN) = 0 
where IN is the identity matrix of order N. 

of the ith mode 

T i  = T o / X i  i = 1, 2, ..., N (12) 
Here, TO is the primary relaxation time of a single unat- 
tached subchain 

70 = T/K (13) 
determined by the frictional coefficient t of the beads 
and the spring constant K (given by eq 3) of a subchain. 
For a very large system in the limit N - m, the distri- 
bution of eigenvalues A([) and relaxation times T ( [ )  is 
described by the continuous variable [, and the relax- 
ation spectrum H ( T )  is defined by 

where u is the number of beads per unit volume. The 
relaxation modulus G(t )  is defined as an integral of the 
relaxation spectrum H ( T )  

G(t )  = G, + JIH(r)e-'/'d In T (15) 

or alternatively 

where G, is the equilibrium shear modulus of the net- 
work. The main problem in calculating the relaxation 
spectrum H(T) and relaxation modulus G(t)  is to solve 
the eigenvalue problem, Le., eq 11. To calculate the deter- 
minant det (I' - &), we eliminate all nonzero, nondiag- 
onal elements in the upper right half of the matrix I' - 
XIN. This method has been previously used by some of 
us19 for the calculation of the inverse matrix I'-l. We 
start from the square submatrix corresponding to the last 
J t h  tier. I t  contains 

mJ = 2(# - 1y-1 (17) 
square sub-submatrices A, - XI, of order n X n along 
the diagonal. 

We divide the last nth row of the matrix A, - XI, by 
4 - X and add it to the preceding (n - 11th row. It changes 
the (n - 1)th diagonal element from 2 - X to 

(18) 
(4 - X)(2 - A) - 1 

4 - A  
Next we divide the (n - 1)th row by the expression in eq 
18 and add it to the (n - 21th row. By doing this, we 
change the (n - 2)th diagonal element of A, - XI, from 

as the first diagonal element of the A, - XI, matrix. Here, 
U,(x) is the Chebyshev polynomial of the second kindms2l 
of the variable 

x = 1 - X/2 (21) 

det (A, - XI,) = (4 - X)U,-,(x) - U,&) (22) 
since the determinant of the semidiagonalized matrix is 
equal to the product of elements along the diagonal. Using 
the known recursion formula for Chebyshev poly- 
nomials,20s21 we may write eq 22 as 

det (A, - XI,) = U,(x) + (# - 2)U,-,(x) (23) 
with x given by eq 21. 

There are mJ n X n dimensional sub-submatrices A, 
along the diagonal of the submatrix I'J corresponding to 
the last J t h  tier (see eq 17). Therefore, the determinant 
of the submatrix I'J - XIN, is 

det (r, - XI,) = [ U,(x) + (# - 2)U,-,(x)lmJ (24) 
Here, IN, is the identity matrix of order NJ given by eq 
9. 

To eliminate the entries -1 of the matrix I' - XIN which 
correspond to the connectivity between elements of the 
last J t h  tier and the ( J  - 1)th tier, we change the diago- 
nal elements of the (J - 1)th tier in rows containing these 
-1s from 

a , = @ - X  (25) 

The determinant of the A, - XI, matrix is 

to 

because there are # - 1 such entries (-1s) in each row 
containing elemental, on the right side of al. This makes 
possible the diagonalization of the sub-submatrices A, - 
XI, corresponding to the (J - 1)th tier (now A, - XI, is 
different from the result shown in eq 10 since its lowest 
diagonal element equals a2 instead of al = # - A) and 
this leads to 

det (A, - XI,) = a2U,-,(x) - U,-&) (27) 

with a2 given by eq 26 and x by eq 21. 
There are mJ-l such sub-submatrices along the diago- 

nal of the submatrix I'J-l - XIN,_, corresponding to the 
( J  - 1)th tier, and its determinant becomes 

det (I'J-, - XIN~~,) = [azUn-l(x) - Un-z(x)I""-' (28) 

with mJ-1 given by eq 17. 
Generally, the determinant for the j t h  submatrix I'j - 

XINj corresponding to the j th  tier Ci = J, J - 1, ..., 3, 2) 
is 

det (I'j - XINj) = [~~-j+lU,-l(x) - U,-z(x)I" (29) 
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Chebyshev polynomials, and the definition (331, there fol- 
lows the recurrence relation for coefficients Ak: 

(39) A1 = U,(X) + (4 - 2)Un-1(x) 
and 

where the coefficients ak satisfy the recurrence relation 

for 2 5 k I J ,  with a l  given by eq 25 and m, ( 2  I j I J) 
by eq 17. One should note that the method of enumer- 
ating coefficients a k  is inverse to the counting of the tiers. 
The last J t h  peripheral tier anchored to the fixed junc- 
tions is associated with the coefficient al ,  while the first 
(central) tier is associated with the coefficient uJ. 

Equation 28 gives determinants of all submatrices r, 
- XIN, ( 2  5 J' 5 J) except for the first tier 0' = 1). The 
determinant of - XIN, corresponding to the first tier 
is 

- - det rl - XI,: = ::i i:. 
aiU,-l(x) - 2aJCn-2(x) + un-3(~) (31) 

with coefficientaJ given by recurrence relation 30. 
The characteristic eq 11 for eigenvalues of the connec- 

tivity matrix r is given by the product of determinants 
det (I'j - XIN,) of submatrices rj corresponding to subse- 
quent tiers (1 5 j I J) 

det (r - XIN) = n d e t  (r, - XI,,) = 
J 

]=1 

[a,U,_,(x) - U,-z(x)l"J[a2Un-l(x) - Un-2(~)lmJ-1 X ... X 

[aJ-lUn-l(x) - Un-2(x)lm2 x 
{a$L'n-l(x) - 2aJU,&) + Un-3(x)] = 0 (32) 

The coefficients a, (1 5 j 5 J) are given by eq 30 and 
exponents m, ( 2  5 j 5 J) by eq 17. In the special case 
when there are no bifunctional junctions (n  = 11, we recover 
eq 15 of Graessley.12 

Introducing the compact notation 

Ah = UkU, - l (X)  - U, -~ (X)  1 5 k I J (33) 
the characteristic equation for the connectivity matrix r 
(eq 32) might be written 

det (I' - XI,) = AYJArJ-l x ... x Ay!l(A$- 1) = 0 
(34) 

We used a known relation for Chebyshev polynomials21 

(35) 
calculating the term corresponding to the first tier. Equa- 
tion 34 has N (see eq 6) X roots, each root representing 
an eigenvalue associated with a specific mode. A rela- 
tively small number (2nJ)  of these roots are the solu- 
tions of the equation 

A : - 1 = 0  (36) 

u2,&) - Un-1(X)Un-3(X) = 1 

The remaining number 

(4 - l)J - 1 - ~ ] - n + l  
4 - 2  (37) 

of roots represent the solutions of the equation 

A, = 0 (38) 
for 1 5 k 5 J -  1. 

The coefficients Ak are complicated functions of X and 
4, as are the ak. From eq 30, the recursion formula for 

(40) 

The detailed solution of this recurrence relation is shown 
with 2 _< k 5 J .  

in Appendix A. The result is 

= 

with 

un(x )  + (4 - 2)un-1(~)  - (4 - I ) U ~ - ~ ( X )  
2 4 4  - 1 

Y =  - (42) 

and with x given by eq 21. 
Equation 38 for the eigenvalues reads 

= 0 (43) 
for 1 I k 5 J -  1. 

This highly complicated double Chebyshev polyno- 
mial expression is the solution of our problem. The X 
dependence in eq 43 is shown explicitly. Equation 43 is 
a polynomial of order k n  in A. The kn X roots of eq 43 
give eigenvalues of the connectivity matrix r associated 
with the ( J  - k + 11th tier. For the special case when n 
= 1, i.e., when there are no bifunctional junctions, eq 43 
reduces to 

(44) 

and since zeroes of the Chebyshev polynomial U&) are 

(45) 
xr x, = cos - k + l  r = 1, 2, ..., k 

we immediately obtain Graessley's resultl2 
- xr  

k + l  A, = - 2 d 4 -  1 cos- r = 1, 2 ,  ..., k (46) 

For a linear chain, @ = 2, using the trigonometric repre- 
sentation for Chebyshev polynomials,21 one can show that 
eq 43 is equivalent to 

Uk, = o  (47) ( 
For a tree with functionality 4 = 2 the number of chains 
in each tier is m, = 2 (1 5 j 5 J) and the most important 
becomes the term (eq 31) corresponding to the first (cen- 
tral) tier. Equation 36 associated with the first tier for 
6 = '2 becomes 
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The 2-functional tree of J tiers has 

N = ( 2 5 -  1)n (49) 
subchains and the result (eq 48) is the same as for the 
Rouse chain of length N ( N  springs) with ends attached 
to fixed points. 

We have not been able to solve eq 43 analytically for 
4 > 2 and n > 1. The eigenvalues for small micronet- 
works can be obtained by the numerical solution of eq 
43, which means finding roots of the polynomial of degree 
kn with 1 I k 5 J - 1. 

The eigenvalues associated with the first tier (i.e., for 
k = J) are obtained from the numerical solution of eq 36 
or by writing explicitly 
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A continuous parameter 5 (in the limit k - m) describ- 
ing the relaxation times associated with the ( J -  k + 11th 
tier far removed from fixed junctions is 

with x and y given by eqs 21  and 42, respectively. For 
large networks consisting of many tiers this method can- 
not be used. Instead, we are looking for the asymptotic 
analytical solution of the model for a very large network 
in the limit when the number of tiers J goes to infinity. 
Following Graessley12 we consider only junctions that are 
far removed from fixed points, because elements near fixed 
points show unrepresentative b e h a ~ i 0 r . l ~  

Such a separation procedure seems physically justifi- 
able and enables us to obtain a continuous spectrum,12 
while retaining all elements of the network gives an 
unusual, discontinuous spectrum.13 If the fixed points 
are located near the polymer’s surface, our assumption 
means that we are interested in the relaxation spectrum 
from the bulk of the polymer, unperturbed by surface 
effects. We have shown in Appendix B that in the limit 
k - m, for tiers far removed from the surface, the asymp- 
totic analytical solution of eqs 43 and 50 is 

- 
2 d $  - 1 cos - (51) k + l  

with r = 1, 2, ..., k. Equation 51 represents the simpli- 
fied analytical solution of the eigenvalue problem for the 
network. Instead of a polynomial of order nk in X (eq 
43), we obtained a set of k polynomial equations of order 
n. The X roots of eq 51 might be easily obtained for n = 
1 and n = 2 only. For n = 1, when there are no bifunc- 
tional junctions in the network model, we recover Graess- 
ley’s solution,12 given by eq 46. The solution of eq 51 for 
n = 2, when there is one bifunctional junction between 
&functional ones, is 

and 

with r = 1, 2, ..., k. The expression 
Tr  

k + l  $2 + 4 + 8 4 -  cos - 

is always nonnegative and might be zero only for 4 = 2. 
For larger n eq 51 might be solved numerically. The relax- 
ation spectrum H(T), however, might be obtained with- 
out numerical solution of eq 51. I t  is defined by eq 14. 

r = l , 2  ,..., k i . e . O < [ < l  (55)  [= -  r 
k + l  

The relaxation time corresponding to the rth mode is 

TO 
r(r)  = lim - 

k-m 

where the primary relaxation time TO of a single, free sub- 
chain is given by eq 13. From eqs 51 and 55 it follows 
that 

1 U ~ ( X )  + (4 - ~)U”-,(X) - (4 - l)un-Z(x) 5 = ; arcos 
2 v ‘ m  

(57) 
l [  

with x given by eq 21, and then 

dX 2dx 2x 
d k = - l L l ) (  

U’,(X) + (4 - 2) U’,-,(X) - (4 - 1) u’n-,(x) 

where21 

and the relaxation spectrum H(T) becomes 

In the case n = 1, when there are no bifunctional junc- 
tions between the &functional ones, we have 

i.e., we obtain the same result as Graessley. (roG in Graess- 
ley’s paper is differently defined: roG = T O / $ . )  

The relaxation spectrum H(T) given by eq 60 is real 
for relaxation times T satisfying the inequality 

- 2 4 7  < VJx) + (4 - 2)Un-,(x) - (4 - 1)Un&) < 
2dm (63) 

with the T dependence of x given by eq 61. In the case 
n = 1 studied by Graessley,12 this means 

TO 
__ < T < T,, = - (64) TO 

4 + 2 4 4 - 1  4 - 2 4 4 - 1  Tmin = 

and there is one continuous band of relaxation times 
defined by eq 64. For n = 2, when there is one bifunc- 
tional junction dividing each chain into two subchains in 
the model of the network, we have two separate (nonover- 
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@ = 4  

n d  
L i  1 1  1 I 1 1  1 I *  

-2 0 2 4 6 

In (3 
Figure 3. Relaxation spectra for tetrafunctional networks (4 
= 4); see legend to Figure 3. 

1 

Y O  
-1 

-3 1 n-4 , n.3 
-4 r 

-3 -2 .1 0 1 
X 

Figure 4. Plot of thefunction y ( x )  = [U,(x) + (4 - 2)Un-1(x) 
- (4 - 1 ) U n - 2 ( x ) ] / [ 2 ~ 4  - 11 for a tetrafunctional network for 
varying number n ( n  = 1-4) of subchains between +functional 
junctions. The infinite relaxation time corresponds to x = 1. 
For each n, the bands in the relaxation spectrum are deter- 
mined by the inequality -1 < y < 1. Only the bands with pos- 
itive slopes of y ( ~ )  are physical. 

lapping) bands (see eqs 52 and 53) 

< 71 < rmU,l = 
- 270 

T m i n , ~  - 
2 + 6 + d d 2  + 4 + 8 d x  

270 < 7 2  < 7,,,2 = 

270 

- 
7min,2  - 

2 + 4 - d$’ + 4 - 8 d s  

(66) 

The first band T~ is unphysical as shown below. The larger 
n, the more bands we have and the resulting spectrum 
becomes highly complex. 

The numerator of eq 60, containing derivatives of Che- 
byshev polynomials, might become negative for larger n, 
leading to some negative parts of the spectrum H(T) ,  which 
are unphysical. Figures 2 and 3 show relaxation spectra 
for trifunctional (Figure 2 )  and tetrafunctional (Figure 
3) networks with varying number n of bifunctional junc- 
tions included in the model. For convenience, Figures 2 
and 3 are plotted on a logarithmic scale. Since H ( T )  might 
be negative, we plotted In IH(T)/vkgZJ with dotted lines 
corresponding to negative H ( r ) .  The negative H ( T )  is 
related to bands with negative slope of y ( x )  vs x ,  as might 
be seen from Figure 4. This part of the spectrum is 
unphysical and should be ignored. The source of this 
peculiarity is probably the mathematical approxima- 
tions used in treating the model. The unphysical, nega- 
tive parts of the spectrum occur in the high-frequency 
region of the spectrum, for which the separation proce- 

2 + 4 -  d@’+ 4 + 8 4 3  

Figure 5. Two different possibilities for anchoring peripheral 
junctions: (a) the functionality r#~ of a peripheral junction is 
preserved; (b) the peripheral junction is anchored to only one 
fixed junction. 
dure proposed by Graessley’* may be questionable. How- 
ever, the most important and physically significant result 
is the low-frequency part of the spectrum corresponding 
to relaxation times 7 greater than the primary relaxation 
time TO. It is interesting that the central part of this 
band is almost linear with slope -1/2. The inclusion of 
the bifunctional junctions in the model of the network 
broadens the spectrum considerably. 

Knowledge of all the eigenvalues enables us to calcu- 
late the relaxation modulus G ( t )  for the micronetwork 
by using eq 16. Equation 32 for all eigenvalues might be 
written with the help of the Ah’s (see eq 33) as 

where mj (1 I j I J? is given by eq 17. The coefficients 
Ak satisfy eq 41; i.e. 

Ak = - 
- Ukb) + d4 - 1Un-2(X)uk-I(Y) ~ 4g& 

Sk-l 
4 4 - 1  - 

U,-,(Y) + d4 - 1 Un-z(x) U,-*(Y) 
(68) 

for 1 I k I J ,  and eq 67 becomes 
.I-1 

with 

(70) 

If X k ( r )  denotes the rth root (1 I r I kn) of the equation 
s k  = 0 (eq 43) for 1 I k 5 J -  1 and XJ(r) (1 5 r I 2Jn 
roots of eq 50, then the relaxation modulus G ( t )  is 

where G, is the equilibrium shear modulus of the net- 
work. Equations 69 and 71 differ from the correspond- 
ing equations in Graessley’s paper12 due to the differ- 
ence in the trees. Specifically, we study trees symmetri- 
cally grown around a central chain, while Graessley studied 
trees grown around a central junction. In the limit of 
infinite trees the difference between these types of trees 
disappears. For large networks ( J  >> 1) the double sum 
in eq 71 is dominant. Equation 71 shows that elements 
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Figure 4 shows the dependence of y with respect to x 
for a tetrafunctional network for a different number n 
of subchains in the model. Only bands with positive slopes 
of y(x) vs x are physical. The relaxation time is related 
to x through eq 61; i.e. 

Table I 
Calculated Maximum Relaxation Times. 

1 1.87 1.87 
2 11.0 11.2 
3 27.5 28.0 
4 51.4 52.2 
5 82.3 84.0 
7 166 170 
10 349 355 

0 Maximum relaxation times for a tetrafunctional Gaussian 
network having different numbers n of subchains between multi- 
functional junctions, as obtained by numerical solution of eq 63, 
and relaxation times TZ, as calculated from eq 80. Both quanti- 
ties are normalized by the primary relaxation time lo. 

of the network close to fixed junctions (corresponding to 
small k) might give important contributions to relax- 
ation modulus because of the power dependence of (4 - 
1) in eq 71. 

Using the separation method to calculate the relax- 
ation spectrum H ( 7 )  given by eq 60, we neglect the con- 
tribution from these elements to the relaxation modu- 
lus. However, the long relaxation times (small eigenval- 
ues) which mainly determine the relaxation modulus are 
associated with elements of the network far from fixed 
junctions and this might justify the separation method 
we used. Applying eq 16 with X(r) determined by eq 51 
to calculate the relaxation spectrum for n = 1, we obtain 
Graessley's result 

G(t) = G, + ukBTe-0'~roIo(2d4 - l ( t / ~ ~ ) )  (72) 
- 

Generally, for any n we have 

4 4 ( 4  - 1) - [ u ~ ( x )  + (4 - 2)un-,(x) - (4 - 1)un-2(x)l2 
(73) 

where the integral is defined only for bands lyl < 1 with 
positive slopes of y(x), withy given by eq 42; otherwise, 
it is zero. 

Discussion 
The inclusion of the bifunctional junctions in the net- 

work model broadens the relaxation spectrum consider- 
ably. If there are no bifunctional junctions (n = l), the 
maximum relaxation time is 

(74) 

Thus, even in the most extreme case of trifunctional junc- 
tions, 7,,, zz 5.8370. As the functionality of the network 
increases, the maximum relaxation time decreases. For 
functionality > 5 the maximum relaxation time T~~~ 

becomes even lower than the primary relaxation time 70. 

The additional bifunctional junctions acting as fric- 
tional beads improve the relaxation spectrum consider- 
ably. Table I shows the ratio 7max/70 of maximum relax- 
ation time to the primary relaxation time for the tet- 
rafunctional network (4 = 4) as a function of number of 
subchains n (separated by n - 1 bifunctional junctions) 
between multifunctional junctions. The maximum relax- 
ation time increases rapidly as n grows. The additional 
characteristic feature of our model is the multiband struc- 
ture of the relaxation spectrum. The bands are deter- 
mined by the inequality 63; i.e., by lyl < 1, withy defined 
by eq 42. 

70 

2(1- x )  
7=- (75) 

The plots in Figure 4 have been done only for x < 1, 
since x > 1 corresponds to unphysical, negative relax- 
ation times. For a given n each band corresponds to a 
part of the y(x) plot satisfying the inequality 63. For n 
subchains in the model network we have n bands in the 
spectrum. Only half of these bands are physical; bands 
with negative slopes of y(x), which give negative H(7) ,  
are unphysical. The most important, low-frequency part 
of the spectrum for relaxation times 70 < 7 < corre- 
sponds to 1/2 < x < 1. The point x = 1 corresponds to 
an infinite relaxation time. 

Since for x = 1 

4 
2 d 4  - 1 

Y ( 1 )  = 

is independent of n, all curves in Figure 4 coincide a t  
this point. Additionally, since y(1) (given by eq 76) is 
always greater than 1 regardless of the functionality I$ of 
the network (4 > 2), there is always a finite maximum 
relaxation time 7,- for the network. The distance Ay 
between points y(1) and y = 1 for x = 1 in Figure 4 

(77) 4 
2 d 4 -  1 

Ay = y ( l )  - 1 =--- 1 

is relatively small; e.g., Ay = 0.061 for a trifunctional net- 
work and Ay = 0.155 for a tetrafunctional one. We might 
approximate the curves in Figure 4 for x in the vicinity 
of x = 1 by straight lines passing through the point ( x ,  
y) = (1, 1) with slopes determined by derivatives y'(1). 
This approximation enables us to calculate the maxi- 
mum relaxation time 

Using eq 42 and the relation 
d 1 

lim --Vn(x) = -n(n + l ) (n  + 2) 
x-1 dx 3 

(79) 

for Chebyshev polynomials, we may write eq 78 as 

There is very good agreement between the approximate 
relaxation times 7 g  calculated from eq 80 and those 
obtained numerically from eq 63 as exact maximum relax- 
ation times. This is shown in Table I. The approximate 
solution overestimates the maximum relaxation time 
(except for n = 1) due to the positive curvature of y(x) 
a t  x = 1. Using the second-order Taylor expansion might 
additionally improve the results. Equation 80 shows that 
for very large n the maximum relaxation time goes as 
the square of n: 

7- = 7&22/2  (81) 
Here, 71 is the maximum relaxation time for a network 
without bifunctional junctions (n = l), given by eq 74. 
The expression for the maximum relaxation time 7" 

given by eq 81 is similar to that obtained by Graessley,12 
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who set a different time scale. Graessley12 assumed that 
frictional interactions along the strands might be local- 
ized at  the junctions, so that each junction has an effec- 
tive frictional coefficient 

r = dntoI2 (82) 
Here, To is the frictional coefficient of each monomer unit 
along the chain, and the primary relaxation time 7 O G  set- 
ting Graessley's time scale is 

(83) 

where K = 3k~T/ ( r , ,~ )o  is the effective spring constant 
for chains between cross-links composed of n subchains, 
and ( r12)o is the mean-square end-to-end distance ( (  r n 2 h  
= n(rl2)o) for a single subchain in the undeformed state. 
Taking into account bifunctional junctions gives us a more 
realistic description of the spectrum, especially at  shorter 
times. The long-time end of the spectrum can be satis- 
factorily described by ignoring strand modes, as has been 
done by Graessley.I2 To calculate the relaxation spec- 
trum for the network we made the following assump- 
tions: 

I. The network is an ideal, symmetrically grown infi- 
nite tree of functionality 4 with no loops and dangling 
chains and with all chains and subchains of equal length. 
Peripheral junctions are anchored to fixed junctions, which 
do not fluctuate. 

11. The chains are Gaussian and phantomlike. 
111. The frictional coefficients { for bifunctional and 

multifunctional junctions are the same. 
IV. The relaxation spectrum for elements of the net- 

work far removed from the fixed junctions can be sepa- 
rated from the rest of the spectrum. 

Only assumption I11 can be relatively easily removed, 
as shown in Appendix C. The most controversial is 
assumption IV, which permits analytical solution of the 
problem. It might be difficult to compare our results 
with experimental data since real networks do not have 
the topology of an ideal, symmetrical tree. Dangling chains 
and loops, which exist in all real networks, might consid- 
erably change the relaxation spectrum. The polydisper- 
sity of chain lengths and the network's functionality might 
additionally influence the relaxation spectrum of the net- 
work. Entanglement effects that play an important role 
for real networks might also affect its relaxation spec- 
trum. 

In spite of the above qualifications, the results obtained 
do shed considerable light on the relaxation spectrum to 
be expected for a Gaussian network. 
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Appendix A 

We follow the standard method6 of solving recurrence 
relations of this type. Instead of the coefficients A k  we 
introduce new coefficients 

so that 

Un(n) + (4 - 2)un-,(x) - (G - 1)U"-z(x) 1 
(A2) -- Bk = d&T Bk-l  

for 2 5 k 5 J .  
We also make the substitution 

1 = z + -  
V,(x) + (d - 2)Un-,b) - (4 - 1)U"&) 

d$T Z 
(A3) 

Now we are looking for the solution of the recurrence 
relation given by eq A2 in the form 

where ao, cy1, ..., f f k  are t-independent unspecified coef- 
ficients. Substituting the above expression for Bk into 

we find that all coefficients (YO, (YI, ..., f f k  might be arbi- 
trary with the only requirement 

f f k  = (Yk-1 (A61 

Since eq A5 has to be satisfied for all 2 5 12 5 J ,  then 

f f 1  = f f 2  = ffs = . a .  = ffk-1 = f f k  = 1 (A71 

For simplicity, we set all these coefficients equal to 1. 
For k = 1 we have 

With the help of eqs A7 and AB, eq A4 might be written 

B,  sin (k\k) - sin [(k - l)\k] 
B, sin [ ( k  - l ) \ k ]  - sin [(k - 2)\k] 

Bk = = O  (A12) 

with 

We obtain eq 41 by using the trigonometric representa- 
tion and recursion formula for Chebyshev polynomials 
in eq A12 and the relation between Ak and B k  (eq A l l .  
By direct checking of eq 41 for small trees, one might 
find that the equation is correct although it was derived 
with the simplifying assumption of the reality of Bk + 
1/Bk-i. 
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The validity of our approximation might also be shown 
analytically for the case q5 = 2. For 4 = 2 the exact solu- 
tion of the problem is 

uk,1-- = o  I S k S J - 1  0312) ( 
while the approximate solution (eq B5) is 

Appendix B 
Equation 43 can be written as 

for 0 I k 5 J - 2, with y and x given by eqs 42 and 21, 
respectively. Assuming that for large k the difference 
might be replaced by a differential, we have 

The solution of this differential equation is 

uk(y) = e ~ p { - k [ 4 a U , , - ~ ( x )  + 11) (B3) 
If 

then in the limit k - a, i.e., for tiers far removed from 
the surface, we have 

uk(y) = 0 + (B5) 
which means 

- 
24l$ - 1 cos - rr (B6) k + l  

with r = 1, 2, ..., k. 
For n = 1, eq B6 gives Graessley’s result.I2 A differ- 

ent kind of argument supporting this derivation of eq 
B6 is given below. Equation A12 for the eigenvalues reads 

Biuk-ib’) - Uk-p(y) = 0 (B7) 
with y given by eq 42. Here, B1 is the value of B for the 
peripheral tier directly connected with fixed junctions. 
We assumed that matrix A,, given by eq 10 describes also 
the last tier; i.e., the functionality of the &functional junc- 
tion in the last tier is preserved as shown in Figure 5a. 
Because of this B1 is given by eq A13. 

The relaxation spectrum from the elements of the net- 
work far removed from the boundary should be rela- 
tively weakly dependent on the structure of the anchor- 
ing of peripheral junctions to fixed junctions. For exam- 
ple, if peripheral junctions are anchored to single fixed 
junctions (the $-functionality of peripheral junctions is 
not preserved) as shown in Figure 5b, then 

- 4 4 - 1  
The assumption that the relaxation spectrum from the 
elements of the network infinitely far removed from fixed 
junctions is independent of the structure of anchoring of 
the network to fixed junctions implies the B1 indepen- 
dence of eq B7 for the eigenvalues. If eq B7 is indepen- 
dent of BI, then 

uk-,(y) = 0 (B9) 
for k - a. We obtain the same result in the limit k - 

if 

u n ( x )  + (4 - 2)u,- , (~)  - (4 - l)un-2(~) B, = 2y = - 
4 4 - 1  

since then eq B7 becomes 

for 1 I k 5 J - 1. In the limit k - a, solutions of eqs 
B12 and B13 have the same functional form; specifically 

r r  A, = 2 - 2 cos - nk 
The equation for eigenvalues associated with the central 
tier (eq 50) is completely different from the equation for 
eigenvalues for other tiers (eq 43); nevertheless, it can 
be shown that both equations have similar asymptotic 
solutions for infinitely large networks. 

Equation 50 has two branches of solutions: 

with y given by eq 42 and x by eq 21. Assuming that for 
large k the differences might be replaced by differentials 
(as was done in deriving eq B2), we may write eqs B15 
and B17 as second-order linear differential equations, with 
constant ( k  independent) coefficients, of the type 

Here, a and /3 are these constant coefficients dependent 
only on 4 and x .  Equation B17 resembles the equation 
of motion for a damped harmonic oscillator (with k cor- 
responding to time); i.e., the asymptotic solution of eq 
B17 in the limit k - a (for infinitely large network) is 

lim Uk(y) = 0 
k-- 

for k = J. 
This means that the asymptotic solution for the cen- 

tral tier is the same as asymptotic solutions (eq B5) for 
other tiers, as expected since there is now no special rea- 
son for any extraordinary behavior of the central tier. 

Appendix C 

If the frictional coefficient lm for the multifunctional 
junctions differs from the frictional coefficient 5; for bifunc- 
tional ones, then eq 22 becomes 

det (A, - XI,) = (4 - yX) V,-,(x) - Un-&) (Cl) 

where y is the ratio of frictional coefficients 

Y = L I t 2  
and x is given by eq 21. 
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For lm greater than 5; (y > l) ,  the maximum relax- 
ation time increases in comparison with the previously 
studied case of all beads having the same friction coeffi- 
cient. 

The solution of this recurrence relation is given also by 
eq 41 but with y differently defined: 

I t  can be checked that y(1) does not depend on y and is 
given by eq 76, so that even for different frictional coef- 
ficients, there is always a finite maximum relaxation time. 

Since 

(C6) 
n 

y'(1) = =( n4-  4 + 27) 
2 d 4 -  1 

the approximate maximum relaxation time becomes 

Here, the primary relaxation time TO of a single unat- 
tached subchain is 

To = W K  (ca) 
where the spring constant K is given by eq 3. 
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